MEDITATIONS ON A SINGULAR KIND OF
SERIES *

Leonhard Euler

In the correspondence I once had with the most illustrious Goldbach, among
other speculations of different kind, we considered series contained in this
general form

1 1 1 1 1 1 1 1 1

and tried to find their sums. Even though series of this kind occur rarely
and they seem to have hardly any use, those investigations to which their
consideration had led us nevertheless seem even more worth of publication,
because the methods, we used on this occasion, extend much further and
can maybe once be useful for Analysis. Therefore, I decided to present not
only the series, even though they, considered separately, by no means seem
to be regarded with contempt, but also the various methods that lead to
these summations, in this paper; because these are taken from the mentioned
correspondence, I want to let the readers know directly here at the beginning
that these investigations for the most part are to be attributed to the ingenuity
of the most illustrious Goldbach. Mainly three ways lead to series of this kind;
because they differ a lot from each other, I will explain each one separately,
such that each one can be understood a lot more easily.

*Original title: “Mediationes circa singulare Serierum Genus”, first published in ,,Novi com-
mentarii academiae scientiarum Petropolitanae 20 (1775), 1776, pp. 140-186”, reprinted in ,Opera
Ommia: Series 1, Volume 15, pp. 291 - 349 “, Enestrom-Number E477, translated by: Alexan-
der Aycock, for the , Euler-Kreis Mainz”.



THE FIRST METHOD TO OBTAIN SERIES OF THIS KIND

§1 If one has two arbitrary series whose sum is known, say

l+a+b+c+d+etetc.=t
and

l1+a+pB+v+6+etetc.=u,

but additionally, the sum of the series conflated from them is known, say,
1+an+bB+cy+dd+ee+etc. =0,

then, by multiplying those series by each other, it follows:

I1+a(l4+a)+b(1+a+p)+c(l+a+p+7) + et
=tu+o,

+l14+a(l+a)+ p(l+a+b) + y(1+a+b+c) + etc

which is obvious, since the product of each term of the first series by each
term of the second series occurs in these two last series; just note that the
products of a certain term of the first series and the corresponding term of the
second, e.g., 1-1, an, b, c7y, dd etc., occur twice; and because they occur only
once in the product tu, the series v has to be added.

§2 Now, if we denote the sum of the series

1 1 1
1+27n+371+471+etc.

continued to infinity by [ 1 such that

1 pa—
1+—+3—m+—+—+etc /

and



1 1 1 1
37+47+57+etc.—/z—n

and in like manner the series derived from that one by

1
L+ o+

1 1 1

1 1
1T+ 2m+n + 3m+n + 4m+n + Jm+n t+etc. = / Zm+n’

and from these we form the following series, which will be contained in the
propounded form,

1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1
1+2n<1+2m>+3n<1+2m+3m>+<1+++>+etc':Q’

from the principle established above we will have

1 1 1

pro= [ [ 5t [ e
whence, if the sum of the one of these two new series would be known from
elsewhere, hence also the sum of the other series can be assigned. But we
consider the sums of the series

1 1 1 1 1

+27+37+47+etc. or me
to be known here, since, as often as the exponent m is an even number, I was
able to determine these sums in terms of the circumference of the circle; and
for the cases, in which m is an odd number, the sum can easily be found
approximately.

§3 Whenever the exponents m and n are assumed to be equal, the two

series found are identical and therefore in this case we obtain the following
summation

1 1 1 1,1 1 1,1, 1
T (U )t (Mt g ) T (U T 3n T g ) Tete



1 /111/1
2 " 2] z2n

Therefore, if we, going to consider particular cases, put

1+1+1+1+1+etc—A—/1
273 1 5 TET )y
1 1 1 1 I
1 1 1 1 I
1+?+§+E+§+eta—B_/z—3,
1 1 1 1 I
1+27+3—4+4—4+57+etc._c_/27,
11 1 1 1
1+2*5+3*5+4*5+5*5+etC.:D:/Z—5
etc.

and in like manner further

1 1 1 1 1
Jz=t [5=F [5=0¢ [z=H [m=1 e

we hence obtain the following summations

e (e R) ek (1 A A et han +1a

1—1—212<1—|—21>—|—312<1+212+3512>+etc.:212AA+;C,

1+213<1+213>+313<1~|—213~|—;>+etc.:213BB +%E,

1—1—214(1—1—214>+314<1+214—|—314>—|—etc.:214CC —l—%G,

1—1—215<1—|—215>—|-315<1+215+315>+etc.:213DD+;I
etc,,

where it is convenient to note that the sum A of the first series is infinite, all
the remaining ones on the other hand are finite.



§4 But if the exponents n and m are not equal, this way series of the form
we are contemplating will be obtained, whose sum cannot be determined by
means of this method; but nevertheless, the sum of both taken together can
be exhibited, as we showed before. To render this more clear and at the same
time introduce a shorthand notation, let us denote the sum of this series

1 1 1 1 1 1 1 1 1

by this sign [ zim (%) In this notation the result we found will be expressed

JEG)+ A G-I 3

Therefore, if the sum of the one of these series is known from elsewhere, hence
the sum of the other series will also be known; and more cannot be concluded
from this first method, whence I proceed to the explanation of the second.

this way



SECOND METHOD TO GET TO SERIES OF THIS KIND

§5 Still using the notation we just introduced it is perspicuous that the

1 1 1
/zim./zi”_/zm”

is reduced to the following infinite series

quantity

1
+

1

1
, + etc. +
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+ etc. +
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1

3. 5m + etc.

+ etc.
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1
1.4m " on5m

1

31’1 6m

+ etc. +

1 1
T.5m " on.gn " gu.gm T e

etc.

1
+1-5”+2m-6”+3’”-7”

etc.

and the whole task now reduces to the summation of each series in a con-
venient way; this opens a very broad and fruitful field which contains a
peculiar kind of series and because of its inner beauty deserves one’s complete
attention, even though it is not connected directly to our actual task.

§6 But these summations cannot be investigated more conveniently than by
resolving each term, whose form is

1
x"(x +a)r’
into simpler fractions. But by means of the things I treated on this subject in the
Introductio ad Analysin Infinitorum, it is plain that the fraction is decomposed
into the following ones

1 1 n 1 nn+1) 1 nn+1)(n+2) 1
Qg T T g2 gm=2 1.3.3gn8  qm3 T et
1 1 m 1 m(m+1) 1
amn <x + a)n 1gm+1 (x + a)n—l 1.2gm+2 (x + a)n—z



im(n1+1)(rrz+2) _ 1
1 .2.3am+3 (x+a)n—3
where it is to be noted that in the lower rows the upper sign + holds, if m is
an even number, otherwise the lower sign; but then each of both rows must be
continued up to the terms, where the exponent of the powers of x and x + a
was decreased to 1.

=+ etc,,

§7 Therefore, hence at first the sum of this series

1 1 1 1
e+ 1)  2a+2) T 3m@s3)y | ar(at )
can be defined, if in the form just exhibited all numbers 1, 2, 3 etc. to infinity

are substituted for x and collected into one single sum. For, since all terms
resulting from the formula

+etc.=s

1
A

give a series whose sum we expressed by
1
Al
A
but the terms resulting from the formula

1
(x+a)

give a series, whose sum is

1 1 1 1

the sum of our series will be

. 1 1 n / 1 +n(n—i—l)/ 1 n(n+1)(n+2)/zm1_3+etc‘

a7 ZT” o 1ant1 Zm—1 1.2g7+2 ZMm—2 o 1.2.3g1+3
n 1 1 m 1 m(m+1) 1 m(m—+1)(m+2) 1 L
an | gn T gmAl | =1 . pgm+2 / 12 1.2.3am13 / e

1 11 1
Foalltgmtmt to



m 1 1 1

1 1 1 1
¢MM+>Q+ L Loy >

1. zam+2 omn 2 311—2 an—Z
m(m—+1)(m+2) 1 1 1
1.2.3gm+3 1+2”*3+3”*3+”'+a”*3

etc.,

where the upper signs hold, if m is an even number, otherwise the lower signs
hold. But this expression is always finite, since both structures of terms have
to be continued until [ %

§8 Now, let us also attribute all values from 1 to infinity to the letter a to
comprehend all infinite series on the left-hand side in § 5 of the first structure
in one sum; and their sum represented this way will be found to be

1 1 _n/ 1 / 1 n+1 / /
/27/2? T Zh+1 mel Zh+2 ZMm—2
nn+1)(n+2)
T 123 /zﬂ+2/m3+etc
i/ﬂf/ﬂ*/w(n>
m 1
1 /Zm+1 /Z” 1 +7 /Zm+1 yn n—1
j:m(m—i-l) 1 1 m(m+1) 1 1
1-2 /Z;wrz'/zn—zjF 1.2 /Zm+2 2
j:171(171—1—1)(111—1—2)/ 1 / 1 :Fm(m+l)(m+2)/ 1 ( 1 >

1-2-3 zm+3 Zn—2 1-2.3 Zm+3 \ yn—3

etc

And in like manner, exchanging the exponents m and 7, the sum of the series
of the other kind on the right-hand side in § 5 will result. Therefore, having
combined these expressions, the quantity

1 1 1
/ zn / - / zZMm+n
is transformed into the following form, which is conveniently exhibited in
two parts



FIRST PART

s e 42
e e ()
+m(m+1>(1j:1)/ 11 :Fm(m—i—l)/ 1 < 1 >

1.2 Zm+2 Zn—2 1-2 Zm_z yn_z
~m(m+1)( +2)(1:F1)/ 1 1 m(m+1)(m+2)/ 1 1
.2. ZMm+3  on—3 1-2.3 ZMm=3 yn73
etc,,

where the upper signs hold, if m is an even number, the lower sings on the
other hand, if m is an odd number.

SECOND PART

1 1 1 1
+H1£1) zzm:F/z(ym>
n 1 1 n 1 1
‘1(1¢1>/zv1+1w—1*1/zrl—1<w—1)
n(n+1) 1 1 n(n+1) 1 1
12 uﬂ)/zm'zm*qc 1-2 /zH

ymfZ
nn+1)(n+2) 1 1 n(n+1)(n+2) 1 1
B 1-2-3 (1$1)/z”+3.zm—3$ 1-2-3 /zm_s ym3

etc,,

where the upper signs hold, if n is an even number, otherwise the lower signs
hold.

§9 Depending on whether m and n are even or odd, these expressions are
reduced to a lower number of terms; it will of course be

FIRST PART, IF m IS AN EVEN NUMBER

+2/1./1_/1 1 _m/l 1
oM zh M yn 1 Zm+1 ynfl



2m(m+1) 1 1 m(m+1) 1 1
+ o - -
1-2 / Zm+2 / Zn 2 1-2 / Zm+2 yn 2

_m(m —11—12) (1;1 +2) / Zml+3 (yn13>

etc.
or this way
5 m(m+1) 1 1
/zm' " 1-2 /zm+2'/z”*2
2m(m+1)(m—|—2)(m—|—3) 1
+ 1.2.3.-4 /Zm+4'/ g T etc.

_/1 l _T/ 1 1 _m(m+1)/ 1 1 _ etc
ZM yn 1 Zm+1 ynfl 1-2 Zm+2 yan :
THE FIRST PART, IF m IS AN ODD NUMBER

2m 1 1 2m(m+1)(m +2) 1 1
_T/zm“'/znfl_ 1-2-3 /zm+3./z”*3_etc'
+/1 1 —I—ﬂ/ 1 1 +m(m—|—1)/ 1 1 et

M yn 1 Zm+1 yn—l 1-2 Zm+2 yn—Z :
THE SECOND PART, IF n IS AN EVEN NUMBER

2n n—i—l
/z” 271 /z”+2 /zm 2

2n(n+1)(n+2)(n+3)
- 1.2-34 /zn+4/m4+etc

1 /1 n 1 1 n(n+1) 1 1
_/27 yirn - T/ZnJrl ymfl - 1-2 /Zn+2 ym—Z —etc.
THE SECOND PART IF n IS AN ODD NUMBER
n 2n n + 1 n + 2
T/z /ZM1 123 /z”+3 /zm3_etc
1
7

1 1 1 nn+1) 1 1
Jm Zn—i—l ym—l + 1-2 /Zn+2 ymfz + etc.

10



§10 It will helpful to have noted in these formulas that series of the form we

consider here,
1 /1
Jw ()

not only occur, but are also all of such a nature that the sum of exponents y + v
is the same everywhere, namely = m + n. Therefore, it will be convenient to
subdivide the integrations® into classes in such a way that all resolutions, in
which the sum of the exponents m + n is the same, belong to the same class,
since in them the same series, which I decided to expand here, occur; and
recalling the theorem found by means of the first method, which gives

1 /1 1 1Y\ 1 1 1
I v e g N ESERT
1
yl/
But because the exponents m and n cannot be smaller than 1, for the first class
it will be m + n = 2, for the second m + n = 3, for the third m + n = 4 and so
forth; but because f % is infinite, for series, whose sum is finite, this infinity
must go out of the calculation.

we will hence be able to define each series of our form [ 2 ( ) separately.

First Order in which m +n =2
§11 Therefore, here it can only be m = 1 and n = 1; the expression
/ 1 / 1o / 1
z J z z2
is resolved into the following series
HONHOEYHG)
z \Y z \Y z \Y
The first method gives
1/1 1 1 1
JHORETEE
z \y J z z z

which seems to violate the present form; but because f % is infinite, with
respect to the other part [ Z% it is to be considered as vanishing. Therefore,
hence nothing for our problem can be concluded.

'In this context, Euler uses the term “Integrations” and actually means “Summations”.

11



SECOND ORDERIN WHICHmM +1n =3

§12 Here, again there is just one possibility, i.e. m = 2 and n = 1, since the
commutation of these exponents makes no difference. Hence this expression

IENENTE

is resolved into this one
2/1./1_/1 1 /’ / / 1 /1 1
J 22 ) z z2 \y z2 y? 22\y)’

which is contracted to
/1 1
z \y? )’

But by means of the first method

[2G)r 2G) =T o [

whence it seems to follow
1 /1
z2 \y z

even though this conclusion is correct, as we will see later, it is nevertheless,
because of the infinities, hence not possible to be confident about its validity.
Writing out this equation it will be

14 (14 2) 2 (1424 2) 4 2 1+1+1+ +ac—2/
2\""2) E T2 e\t T2 s

B 1 1 1 1
=2 1+23+33+ + 55 fete ),

which equality is certainly worth one’s complete attention.

12



THIRD ORDER IN WHICH m +n = 4

§13 Here, two cases are to be considered, the first of which is

m=3 and n=1,

LIS

whence the form

is resolved into this one

[5G)-2 2[5+ G) /2 ()= 0)

such that

J5G) 2 @) G 2w e s T

But from the first method one has

HOREGNEVEIE

which equality subtracted from that one leaves

EOREOREEE

In the other case

m=2 and n =2,

whence one concludes

[z )5 [s=2]z 2 2(5)2/5()
2z a1z 2/5()

13



and hence further
1 /1 1 /1 1 1 1
2 (S )+a /S (-)=3]= [+
/22 (y2>+ /23 (y> 3/22 /z2+ z4
But the first method gives
1/1\ (1 /1 1
2f2l) =Sz 2=

whence we conclude that it will be

/1 1 _1/1./1+1/1
2\y2) 2/ 22 )22 2/ 2z
/1 1 _1/1./1
2B \y) 2/) 222 ] 2%

The above conclusion on the other hand yields

/1 1 _3/1./1_5/1
2 \y) 222 )22 2)z¢

which is also true, because

/1 /1_7f4 and /1_7f4
z2 z2 36 490

such that also the first case, since here no infinity might obstruct it, gives a
true result, since it seems to deviate from the truth only then, whenever the
square of the infinite, f % . f %, as it happened in the first order, enters the
calculation; this confirms the conclusion deduced from the second order.

and

FOURTH ORDER IN WHICHm +n =5

§14 Firstly, let

m=4 and n =1,

IENENTE

whence for

this expression results

14



SENINE
2f gz w2 a3+ )G 2(5) = (

whence we conclude

O RO E O ENETES|

But the first method gives

HONHONEIETE

having subtracted this equality from that one it remains

1

Z3

INE

FE() I3 ()T 2 ey

Secondly, let
m=3 and n=2
and for
/ 1. / 1 / 1
z3 z2 z°
one finds

of i[5 ()
ESERTES B EITE

[2@) 5 -la 15+

completely as the first methods yields it; therefore,

15

_/7

1
z

(

1



IEIORIERETE

But hence the sums of the series

[2() = [5(5)

are not defined separately. But below [§ 30] we will show that

EORIETERTE
[3G)-= 5 [3+5]%

FIFTH ORDER IN WHICH m +#n = 6

and

§15 Firstly, let

m=5 and n=1

and it will be

whence

PTG T3 () LA (5
NEVESENERIE

But because the first method gives

16



[ /201 i)+

hence, by throwing out the infinite terms,

ORI WA RIEVEH

m=4 and n=2
and it will be

EVESERTE RS HIIED
S EYERIEYEN RO ORI EIORIEL
[2G)2lsG) =)= 0) = =[5+

Thirdly, let

m=3 and n=3

and since both parts become equal, one will have

/zs/zs Jo=nfa[a+2)5(5) e x ()25 ()

[z () ez ()2 5(G) -2z 2+ 5 5[

Combine those with these two resulting from the first method

17



I ORI ERESTE
[5(5)=/5 13+

and hence each series of our form are determined this way:
/1C>_§/V/1_1/1%4_7/1
25 \y ¢ ) 22 2) 28 )23 2] z2¢
"1 /1 16 11 1 1 1 1
& <yz> =5 la a5 50w
1/1\ 171 1 1,1
/z3<y3> STERERTES
/1<1>_”/1./1_/1jﬂ_ﬂ/1
z2 \y* 3Jz¢ ) 22 z3 ) z8 26’
but then, applying the equation found first, one obtains

/1_4/1/1
26 7] 4 z2’
which, because of

[5=TF [L=F /1_7f6
22 6 z4 90 z6 945

and

is true.

SIXTH ORDER IN WHICHm +n =7

§16 Firstly, let

m=6 and n=1

ENESESTEY

and it will be

18



1 1 1 1 1 1
2fa 525525 /:
WA TN AN E I AR NEA RN
z \ 2 \ 2\ 4\ 25\ 2 % \y)’
whence we conclude this equation
[T AYEATANEANANEAENE
z \ b 2\ 2\ AP 5\ 2
1 1 1 1 1 1 1
W ER L) EN EREY 3 R
But because
[E NAYORYENAE
z \y° 2 \y) Jz¢ Jz z7’
it will be
JEYEA RN ERGATENEA AN
2\ 2\ 2\ 25\ 2 2 \y
1 1 1 1 1
=25 [z+v2 s [52) 7
But on the other hand
1 1 1
N ENESTE

J33)-36
HOPECREVERE

whence one will have

IO E N ER ENE

and

Secondly, let

m=5 and n=2

and it will be

19



S E ORIy
afbofeofk fhenf !
)L TR )

whence this equation is concluded
1 /1 1 /1 1
[a(i) )5 () ol () e ()
1 1
S ENERIENE Ry

which by means of the series derived before from the first method is reduced

/i(;)*z/ ( > JENERIF

Thirdly, let
m=4 and n=23;

it will be

N ERTER ST E N B EIC R
Sl 3() oS S ) A
f33) o )

)
)

Hence it is concluded

[5G 2 () w2/ 5(5) -5/ 5[5/ %

20



1
z

or

[al@) 2l 2(@)=+/a [522

which is identical the one found before such that hence nothing can be
concluded. Therefore, hence first only the sum of the series

[=(5)

is determined, but then these two together

33)/ ()

but if both of them would be known separately, then also the two remaining
ones
1 /1 1 /1
[5(5) = /2 (%)
would become known.

SEVENTH ORDER IN WHICHm +n = 8

Firstly, let

m=7 and n=1;

[7: )i ]5-12G) 22 52/
NEONEIONEIGRE

which last line goes over into this one

LY ISR S SO YA B SR
z z7 z? z6 z3 z 2) 4 ) A 2) 8

and so it will be

NERIENE.
(#)

21

HONE

(

1

y

).



IR ERE S ENERTERESTE

Secondly, let

m=6 and n=2;

it will be

Jofas=2)w o T5(5) /()
S EN AU EN AT ENE
L3 E)THE TG+ ()30
HONECNEORIEGIEE
e f3()nf e fheef
SEEECRIER
S ENERTENEVEN ERTE

Thirdly, let

m=5 and n=23;

N RN IO RTEICRIE

22



NEYERINE
+/ <15>+3/Zl4(y14>+6/ <)+1o/ (12>+15/217<;>
)36/ 612

S ENEA NS ER Ea

of5 (7)) () /7 ()
SJENESTENE R

Furthermore, let

or

m=4 and n=4

and it will be

FENESTERT EVER I FUEN EIRTE )
o/ lw) /7 ()

1 /1 1 /1 "1 /1 1 1 1 1
4= (=)+10]/=(=)+20)/=(=)=20]=-[=+[=-[=,
/25 <y3>+ /26 <y2>+ /27 (y) /26 /zz+/z4 /24
which equation together with the preceding contains the same determination

and is reduced to this property

of 5 l5=7]%

23



which is in extraordinary agreement with the values I found a long time ago,

/1—7T4 and /1—7[8
J z¢ 90 z8  9450°

But if this last equation is compared to the second case, one hence concludes
1 /1 1 1 1 1 1 1 1
4l S (=)=4)5 -4 [ =+8)= [ 5-7]=
/27 (y) /22 /26 /23 /25+ /24 /24 8
/1 1 _/1 /1_/1 /1+1/1 /1
Z\y) J 22 J 2z 22 )25 2] 4 )2

which value in combination with the first case yields
TEWETUEN RN,
z2 ) z6 2 )2 2]
which equation is also true. Hence except for the series
/ 11
27 \y

and the determinations of the first method we obtain only this one new
determination

1 1 1 1 1 1 9 1 1
2/25<ya>+5/zé<yz>—10./23‘/25‘2./24‘/24

and therefore the sum of these series

ORI

cannot be defined separately.

or

EIGHTH ORDER IN WHICH m +n =9

§18 For this order the first method gives these equations

24



HOR O
RONHOBEYENE
300 T3 (3)- 1320
HONHODEVENE

But the second method additionally yields these determinations
/1 1 _5/1_/1 /1_/1 /1_/1 /1
#\y) ~J 2 22 ) 27 z3 ) 26 4 ) 2
1 /1 1 /1 1 /1 1 1
2/zs<y4>+5/zé<y3>+5/y<yz>:m/za'/zéf
1 /1 1 /1 1 1 1 1 1
/zé<y3>+3/z7<yz>:6/24‘/zs+6/.z3'/26‘10/z9-

Therefore, because in this order 8 series of the form we contemplate here occur,
these seven equations do not suffice for the determination of all of them; but

if except for the series [ 21—8 (%) one of the remaining series could be summed

from elsewhere, all sums would become known.

NINTH ORDER IN WHICH m +n = 10

§19 From the first method we obtain these equations for this order

HOREONIIENE

NN ENEDE
[5G) [5G -1 3]
HONHONEVENE



JEYEA R ERE R VY
S\yp) 2) 5 )BT 2) 20

therefore, since here 9 series occur, for their summation the second method
first gives

/’1 1 _3/1 /’1_/1 /1+3/1 /1_1/1 /1_11 1
2\y/) z2 ) 28 23 ) 27 ¢ ) 26 2) 25 ) 2 ) 2V
but of the four remaining equations, which are deduced from this, two define
nothing except the known relation, according to which

/1 _10/1 /1
Z10 11 ) 24 z6’

but the remaining two yield
1 /1 1 /1Y 1 71 1 1 771
[#()+l7(5) ¢z )s-5 )52
1 /1 1 /1 1 1 1 1
/z7<y3)+7/zs<yz>=14/za'/z7‘45/z4'/ze
1 r1 1
85 [543
such that still one equation is missing to sum all series of this order.

§20 The following things are to be observed on the determinations, which
this second method yields:

First, only in the first, second, third and fifth order all series of our form are
determined, in all remaining ones one equation is missing that all series of
that order can be summed, such that, if such a determination would be known
from elsewhere, the whole task could be completed.

Further, also for these orders, in which m + 7 is an even number, it deserves
to be noted that this method yields the same relation among the sums of the

even powers
1 1 1
/27, /274’ /276 etc,,

26



which I had once found from completely different principles, although here
the quadrature of the circle, on which these sums depend, was not mentioned
at all. Hence it could also have been expected that for the orders in which m +n
is an odd number a similar relation among the sums of odd powers should
have been resulted; but quite the opposite happened, since the equations
we found for these orders, are identical such that absolutely nothing can
be concluded from this. Because this happened against all expectations, this
defect of a complete determination is worth one’s complete attention.

§21 Thirdly, it is to be observed that in all orders always one series of our
form is determined perfectly, of course the one which is denoted by the

formula
1 1Y\ .
/ mn—1 g ’

but because its determination, depending on whether m + n was an even or
odd number, follows another law, we want to list it for the respective orders
here separately.

FOR THE ORDERS IN WHICH m + 1 1S AN EVEN NUMBER

1 5 1

ORI ENER TR
(1) o[ LAt AT

z2 z¢ 2/ 28 23 2] z¢
>:3/ /1_/1./1+3/1./1_9/1

z2 z6 z3 z7 2] 4 z6 2/ 28

1
):3/22'/ /23/27 3/24/26 2/25/25
1 1
y>:3/zz‘/zw‘/zs‘/ﬁ“/zr/zs‘/za‘/y
JAfLLomga

2) z6 ) 6 2 ) 712

etc.,

N
m

‘,_\ N
N TN N
LI P LI PRI P

N
—
=
7N\

which expressions are restricted to the parity of the number m and n that they
cannot be transferred to the odd numbers by means of interpolation.
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FOR THE ORDERS IN WHICH m + n IS AN ODD NUMBER

1 /1 1
/zz<y) =2/ 5
/1<1> :3/1_ 1./1
2 \y 25 2 | 3
/1<1> _4/1_ 1./1_/1./1
26 \y z7 22 ) 2P 23 ) ¥
/1<1) _5/1_ 1/1_/1./1_/1./1
28 \y b4 22 ) 27 3 ) z6 4 ) 25
1 /1 1 1 1 1 1 1 1 1 1
/zl<y>:6/z” alslals-lalz- /5
etc

But here there is no obstruction that these expression are also transferred to

even numbers.

§22 Having done the interpolation correctly these summations for all orders

will be as follows:

EORE

JEIORLIEREE

2/14@: of 5255
JORIESYEN LSV ETE
2fa(y)=¢lz 2z x5 )=
()=o) e s 2 5 s[5
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JEIORUERTENERTE
5 0)-nSm 2S5 fam

whence in general, if one puts m +n = A, it will be

e R S EN ES EN

1 1
JENES

L

§23 But in order to confirm these interpolations, compare these expressions
for the even orders to the ones exhibited before and hence the following

relations will be obtained:

5/24 _2/22 /22
7/26 _4/.272 z4
ofx=tfn w2 a )
YRR

1 1 1 1 1 1
Bl m=tfa[mrfa /525
etc

which are in perfect agreement with those which I found once. For, if we put

[a=wt [a=prts [a=a [s=o |

it will, as I demonstrated, be
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5 =2,

7y =4ap,

9 =4ay + 286,

11le = 4ad + 4B,

13 = 4ae +4p6 + 277,

151 = 4al +4Pe + 470
etc.

§24 The first method only for the even orders yielded the sum of one series
contained in our general form, which series having put m + n = 2u will be as

follows
/11_1/1/1+1/1
¢ \yt) 2) zt )zt 2] 22w

But now, by means of the second method, we are furthermore able to sum
one series of our form of each order and hence it was possible to sum all
these series of the order m 4 n = 6. From this one could conjecture that this
summation also succeeds for all orders, even though the second method does
not solve the task completely; but in most cases the task must be considered to
be completed, since, if one series of a certain order except the two mentioned
ones could be summed from elsewhere, hence immediately the sums of all
remaining series are obtained. The situation is indeed always as this in the
orders expanded here; but if we proceed further, a lot more determinations
are detected to be missing.

§25 In order to see the nature of the equations, which both the first and the
second method yield for any arbitrary order, more clearly, let us represent
our formulas in an even shorter notation, such that for any order m +n = A

instead of
1 1
IENE

either p# or p" is written, which two formulas because of y +v = A are to be
considered to be equivalent. And in like manner write p* for | Z% ; but then
write g instead of the formulas
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[5() = [5(5=)

and hence the equations of each order will become more perspicuous.

For the order m +n =3

g+q*=p+7p°,
and
g+q* = +2p°+p—p°> or q=p-p’.
~1 -2
For the orderm +n =4
g+q =p+p,
202 = p? + b,
and
g+q*+q =2 +p—p*,
1
and
q2+2q3 — +2p2_p2+p4
+1 +2 12
For the orderm +n =5
qg+q'=p +p,
P =t
and

g+ +q+ g =20 +2p* +p—p°,
1 _2
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and

7> +2q° 4 3g* = 2p* + 6p* — p* + p°.
1 -3 —6

For the Orderm +n =16

g+ =p +p°
gt =Pt

zqz — p3 4 p6
and
G+a+4 +q'+1¢° =2p" +2p* +p — p°
+1
furthermore
7 +2¢° +3¢* + 4¢° = 2p* +6p* — p* + p°,
+1 +4 +2
and finally
P +3¢ +r6g° = 6pt+pP —pt.
+1 +3 46  +6
For the Orderm +n =7
qg+q°=p +p,
Pt = +7,
P+a=p+7,
and

9+ +q +a +07 + ¢ =27+ 20" + 20+ p -,
~1 —2
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further

7% +29° 4 3q* + 4g° + 5¢° = 2p* + 6p* +10p° — P> + 17,

-1 -5 - 10
and finally
7>+ 3g* +6q° +104° =  6p* +20p° + p° —p’.
-1 +4 -—-10 +2 =20
For the Orderm +n =8
9 +q =p +7p,
q2+q6=p2+p8,
q3+q5=p3+r)8,
2q4 :p4+p8
and

G+ +P+q ++q%+ 7 =207 +2p* +2p° +p—p°
+1

further
7> +2q° 4+ 3¢* + 4¢° + 5¢° + 647 = 2p* + 6p* +10p° — p* + p5,
+1 +6 +2

also

q° +3¢* + 64° 4+ 104° + 15¢” = 6p* +20p° + p° — p®,
+1 +5 +15 +10
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finally

q* +4g° +10¢° +20¢4" =  2p* +20p° — p* + pB.
+1 +4 +10 +20 +2 +20

Therefore, this way these equations are easily continued arbitrarily far.

THIRD METHOD TO GET TO SERIES OF THIS KIND

§26 This method is almost equal to the preceding one; for, I consider the

series
T S S
z" 2m = 3m (z—1)m )’

whose value expressed in the above way is

11 1
_/z”ym_/z"””’

but in the way of the preceding paragraph the same value is = ¢" — p"*";
note that by means of the first method

because of p™ = p". Now, any arbitrary term of this form
1 1+ L + L +- 1
z" 2m -~ 3m (z—1)m
is contained in this form
ot
(x +a)nxm’

which, as we saw in § 6, is resolved into these parts

1 1 n 1 nn+1) 1 n(n+1)(n+2)

anr  xm 1an+1 xm—l 1.2g"7+2 xm—z 1-2. 3a”+3 xm=3

+ etc.

and
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/
/

a" (x+a)" " 1"t (x+a)1 T 1202 (x +a)"2

n 1 1 m 1 n m(m+1) 1 + etc,

where the upper of the ambiguous signs hold, if m is an even number, the
lower ones, if m is an odd number; but then both progressions have to be

continued until in the upper one the exponent of the factor %, in the lower

one the exponent of the factor m becomes 1.

§27 Therefore, to obtain the sum of the propounded series, in each term of
the expanded formula one has to write all numbers in natural order from 1 to
infinity so instead of a as instead of x and has to collect all terms resulting
from this into one single sum. But then for the terms of the expanded above

part it will be
an’ _/z” /z’” I
1 1 +1 -1
/anJrl xmli Zn+1 /Zmlzpn :pm 4

1 1 1 +2 -2
/an+2 Tym2 Zn+2 '/mez =pt=p"

etc.,

but for the terms of the expanded lower part

Ji et [ [ ) e
1
'

1 1 _ 1 _ ,m+l om+1 . n—1 _ _m+n
amtl (x4 a)n /z””rl / /zm+1 (y 1) =7 7= P
1 1 1 1 a2 2 a2 "
a2 (x+a)" /Zm+ / _/zm+2 <y”2> =p"te gt =gt = ph
et

C.

Therefore, having substituted these expressions, the value of our series, which
is = g" — p™*™", is expanded into the following expression

nn+1) ,,_, B nn+1)(n+2)

m—3
12 123 p + etc.

pm o ?pmfl +
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(m 1) oz, mlm £ 1)(m+2)

n ﬂnfl m n—3
j:qulq + 1.0 12.3 q' 7 T etc.

:Fpm-i-n ¥ %pm-i—n F m(T —iz_ 1) pm+n = m(m —1i_ 12)(73” + 2) m-+n ¥ etc.
But since
p;l — qy + qm+nf;t o pm+nl
we will have
mo M1 | oy, M) o ey n(n+1)(n42) s s
0=gq _T(q +q )—i-ﬁ(q +4q )—W(q +4"77) + etc.
_ N mn nn+1) . nn+1)n+2) ., _
17 Tt 1-2-3 etc.
n m n—1 m(m+1) n—2 m(m+1)(m+2) n—3
+q ilq i71~2 q + 12.3 =+ etc.
m—+n ﬂ m+n m(m + 1) m+n m(m + 1)(7” + 2) m+n
TPETr T2 F - 1.2-3 Fete.

§28 Before we descend to the orders considered above, let us expand some
other cases in general.

I. Therefore, let
m=1
and the found equation will obtain this form

n—2

qu_qn_qnfl_q —---—q+np”“

or

q2+q3+q4+---+q”=np”“
while the exponent of the order is 7 + 1 such that

qy +qn+1—y — py + pn—&-l.
II. Let
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m=2

and the exponent of the order n + 2 that

qy _’_anery — py + pn+2/

and our equation will be

O:q2_n(q+qn+l>+qn+2qn71+3qn72+4qn73+.“+nq

n+2 _l’l(l’l—|—1) n+2
+np + RO p
or
-1
qn+2qn—l+3qn—2+‘“_|_(n_1)q2+q2_nqn+l: ”(711 . )pn+2
III. Let

m=3

and the exponent of the order n + 3 that

qy +qn+3fy — py + pn+3l

and our equation will be

" n(n+1 " nn—-1) ,
0:q3_n(q2+q+l>+ ( )<q+q+2)_ ( ) +3

1.2 1.2 *
~n_an-1_ ~ n-2 n—3_.”_n(n+1) n(n+1)(n+2) n+3
q" —3q 64 109 12 17— 123
or
q”+3q”1+6q”2+---+n(;l;1)q3+n(;l._zl)q2+nq”+1
_ n(mn+5) .3 n(n+1) .,
— ¢ p 1 +n 1.0 1

or this way more distinctly
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nn-1) ,

" +3¢" 1+ 64" +104" 3+ + —15 1
—P (gt — ”(Tzl)qn+2 _ ”(””6+ 5) 3,

IV. Let

m=4

and the exponent of the order n + 4 and

EIH _|_qn+4—pt — py + pn+4’

and our equation will be

TZ(TZ—}—l)( 2 n+2)_ n(n+1)(n+2)( +qn+3)

_ 4 3 n+1
0=¢q"—n(@+4"") + =50 +q 173
n(nn+5) 4
T P
+q" + 417”_1 + 1011"_2 + 201]”_3 NI n(n —;12)(’;"‘ 2)
n(n+1)(n+2)(n+3) .4
1-.2.3-4 P
or
n n—1 n—2 (n+1)n(n—1) 2 n(n—l)(nn—|—3n+14) n—+4
q +49" " +10g" "+ -+ 1.2.3 q- = o p
+t—n(@ + ") + n(;l 21) (2 + g2 = 2 J{1§(g+ 2) g3,

§29 Let us in like manner also expand certain cases for the exponent .

L. Firstly, let

n=1

and the exponent of the order m 4 1 and our equation will be

38



+1
0= qm_qm71+qm72_qm73+ - Fq pm+1:|:q T pm+1
+0

2 4
—¢ A+ 0",
whence it is plain, if m was an even number, in which case the upper signs

hold, that the whole equation becomes the identical one; but if m is an odd
number, one will have

5 1

q _q3+q4_q5+‘_‘_qm:§pm+1.

II. Let

n=2

and the exponent of the order m 4 2 and our equation will be

0= qm—2qm_1+3qm_2_4qm_3+ ............ Fmgq pm+2

_2q3 +3q4 _4q5 doe e :qu+l
+g2  +mg  F(m+1)p"mt?,

where the above signs hold for the even values of m, the lower for the even
values. Now for the various values of m we will have:

First, for the even values

1
m=2: qz—q3:§p4,
1
m=4- qz—q3+q4—q5=§P6,
1
m=6: qz—q3+q4—q5+q6—q7=§p8,

2 3, 4 5

1
m=8: ¢~ +q' —+q"—q +4°—q" = p"

etc.
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further, for the even values

m=1: q2:2p3,

m=3: 3¢°+q°—3q*=3p°,

m=5: 57 —q°—q*+3¢°—50°=4p7,

m=7: 7q2—3q3—|—q4—i—q5—3q6—|—5q7—7q8:5p9,

Mm=9: 9q2—5q3—|—3q4—q5—q6+3q7—5q8+7q9—9q10=6pn,

etc.

III. If we put

n =3,
the single cases are considered more conveniently and they are

first, for an odd number m

m=1: q2+q3:3p4,

m=23: 6q2+0q3+3q4—6q5 = 7;96,

m="5: 15¢°> — 5¢° + 6q4* — 7¢° + 104° — 154" = 13p°,

m=7: 28¢*—14q° +13¢* — 129° + 13¢° — 169" + 21¢° — 284° = 21p™"°

etc.,

on the other hand for the odd orders

m=2: 3¢°+q —3q" =3p°,

m=4: 10¢* —24° — 29" + 64° — 104° = 8p’,

m==6: 21g*> —9¢° +3q* +3¢° — 9¢° + 159" — 214® = 15p°,

m=8: 36¢°—20q°+12¢* — 4¢° — 49° + 129" — 204° + 28¢° — 364"° = 24p"!
etc.;

here, for both orders the form of the equation expressed in general will be as

follows:

If m is an even number,
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(m+1)g* — (m—3)g°> + (m = 5)q* — (m —7)q° + - - - — (m + 1)g"*>

_m +4 m+3.
= 2 p ;
If m is an odd number,

m(m +1)g* — (mm —3m)q> + (mm — 5m +12)q* — (mm — 7m +24)q°

+(mm — 9m + 40)g® — (mm — 11m + 60)q” + - - - — m(m +1)g" >

mm+4m+7 . .3
-2 P

§30 Now, let us go through each order and reduce the equations found by
means of the second method using the formula

py — qy + qm-i-n—y _ pm+n

to similar forms, of which kind we them obtained here.

Orderm +n =3

Method I Method II Method III

gt*=p+p>, =2 ¢ =2p

Orderm +n =4

g+ =p+pt, 3¢ — P=4p", ¢+ ¢=3p%,

2q2 — pZ + P4’ 4q2 _ 4[73: 2p4’ 2q2 _ 2q3 — p4;
therefore,

2 5 4

_Z4 3 _ > 4
g =gp and g =_p

1
, because of p* = gp , therefore, g¢°= §p2.
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Orderm +n =5
g +q=p P, P =4, P+ g = 4
q2+q3: p2+p5, 0=0, 3q2+q3+3q4: 3p5,

9 11
=352, = _EPS 132, = 7ps — 22,

Orderm +n—==6

g9+ @=p+p° 3 - P+3 - = 6p°% P+ PHg+ =5
P+ gt =p?+pb, 847 — 2¢° + 5¢* — 8g° = 815, 4% + 20° + ¢* — 4g° = 6p°,
2 =p> +p5, 1247 + 6g* — 12¢° = 14p%,  64% + 34* — 6q° = 7p°,
P P+t q5:%p6/

Therefore,

7 1 1 1
5_7.6__ -3 _ _ — _
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Orderm+n=7

g +4°=p+p, AP+ +=6p", 57 +3¢ +20' + q° — 5¢° =107,

qZ + q5 — pZ + p7/ 4q3 _|_3q4 o 2q5 — 6}77/ 10q2 + 2q3 + q4 + 4q5 o 10q6 — 14p7/

q3 + q4 — p3 + p7, 4q3 +3q4 _ 2q5 — 6p7, 10[72 o 2q3 o 2q4 + 6[]5 o 10q6 — 8]97,

hence it is concluded

Method 1
9+ 94 =p +7
P+ qb=p?+ b,
P+ P =p+ b

2q* = p* + p5,

q
q
q
q
q

5q2 _ q3 _ q4 + 3q5 _ 5q6 — 4p7;

6— 4 47— P2 PP
5_ _10p7 — 5p% + 277,
t =+ 18p” — 10p7,

5= —17p" +10p* + p°,
2=+ 11p7 — 4p* — 2p°.

Orderm +n =38
Method II

3[]2 o q3 + 3[]4 o q5 + 3q6 _ q7 — 8p8,
124 — 2% + 9g* — 49° + 7q° — 1297 = 188,
304> * + 9g* — 6¢° + 15¢° — 30q” = 388,

404* * + 4q* — 89° + 20g° — 4047 = 42pB,
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Method III
P+ P+ gt P+ g = TP
607 + 4% +37* +2¢° + ¢ — 647 = 1505,
1592 + 5¢4° + 3¢* + ¢° + 54° — 1597 = 25p8,
204? * + 2% — 4¢° + 104° — 20q7 = 21p8,
159> — 5¢° + 6g* — 7¢° + 104° — 1597 = 138,
-7+ -+ - 7= 35

hence one finds

9 1
7 _ 2.8 .2 .3 -~ _4

9 3
7 8 2_ .3 4
S 3p? — “pt
q SPTOP PP
1

7 =p -+ Ep4;
all remaining equation coalesce into this single one

49° +104° = 2pp°> — 9p*, because of 7p® = 6p*,

and therefore this third method does not yield a complete determination,
although it would have been possible for the cases m +n =5and m +n =7.

Orderm +n =29

Here, by means of the third method all are determined and this in an unique
way as follows
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B =+ 50— pr— pPP— ph
7 =— 3"+ 70+ 207 + 4,
=+ 5P -2« —ept,
§ = — 15,9 4 352 * + 5pt,

gt = + 57 -3t x4t

7= - S+ + P ot
¢ = - Fp - 6p? —2p° —4p*.

Having left out the tenth order I observe that also the eleventh can be deter-
mined perfectly; for, having done the calculation one finds

R T A A
¢ = — 27p+ 92 +2p> + 6p* +4p°,
q° = + 83p' — 36p> - 15p* —6p°,
g7 = —2pl+ 8ap? x4 21pt +4p5,
o= + 4%3;711 — 126p2 * — 21p*
= —pl 4 126p2 x4 21p%, + PP,
gt=+ Spt - sapr - 20pt — 4%,
P = — 82p'+ 36p2+ p*+15p* +6p°,
7=+ 28p" —  8p? —2p° — 6pt — 4p°.
§31 If we contemplate these equations with more attention, in the coefficients

of the terms p'!, p?, p” and p® we will without any difficulty detect the
following structure:
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m+n=11

6

141

2

2-27=10-6 —6

3.-8=9:
4.8 =38.
5A§:7.
6-4%l =6
7-8l=5
8- 82=4
9. 28=3.
10- 5=2-

for,

g=-5p'l+p+p?

27 +6
83 —6
P +e
A§_6
Al 16
é%_6
82 +6
28 —6
it is

+p3+pt+p°

m+n=9

9+1

5= 241
$=85 -5
8=7.% +5
2-6.5 -5
Z—-51245
-4 -5
7=3% +5
4=2.3 -5

for, it is

+p° +p*

q=—4p" +p+p’

[e)}

m+n=7
7+1
h
-10=6-4 — 4
-18=5-10+ 4
-17=4-18 — 4
-11=3-17+4
3=2-11-4
for, it is
q=-3p"+p
+p? + p°

m+n=>5
5+1
3=—
2
9 _
2- 5=4-3 -3
1 _ 9
11
4- 2=4-5 -3
for, it is

q=-2p"+p+p

§32 Let us try to derive the equations for the order m 4 n = 13, since at the
same time the law of the progression is rendered perspicuous for the higher
odd orders.
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q12 = + Ap13 _ p2 _ p3 _ p4 _ P5 _ p6,

qll — BP13 + 11P2 + 2]93 + 8]94 + 4P5 + 5P6/
g0 = + Cpi® — 552 % — 28p* — 6p° — p°,
7’ = — Dp® + 165p2 * + (564 1)p* + 4p° + 6p°,
g = + Ep'® — 330p? * — (70 +8)p* * — ep®,
g = — FpB+  462p? + (56 +28)p* =+ (p°,
q° = + GpB — 462p? — (284 56)p* * — np°,
= —Hp®+  330p> x+ (84+70)p*+ p°— 0p°,
gt = + Ip" — 165p> * — 56p* — 4p° + 1p®,
P = — Kp® + 55p° + p° + 28p* + 6p° + p°,
= + LpB® — (11 - 1)p? — 2p% — 8p* — 4p® — ApS.

For the unknowns
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_ 13+1 _
A= A=7, A= B,

2B= 12A -7, B=17, =,
3C= 11B+7, c=72%, 1= 9,
4D = 10C -7, D = 357, 0= ¢
5E= 9D+ 7, E = 644, n=0C-1,
6F = 8E -7, =175 and it seems to be
7G= T7F+7, G =17 p= 6 A= 6
8H = 6G —7, H = 643, y= 15 x»=15
9= 5H+7, I =358, o= 20, =20,
10K = 41 —7, =35 e= 15, 6 =15,
11L= 3K+7, L=7%; {=6+1 n= 6.

§33 That the structure of these equation is seen more clearly and the anoma-
lies occurring here vanish, let us represent these equations according to the
single odd orders this way.

Orderm +n =3

q> = Ap? A:L;lzz

q =-Bp’+p| 2B=2A-2



Orderm+n =5

gt =+ Ap° - p? A=21=3

7® = — Bp® + 3p? 2B = 4A -3

P = + Cp® — 3p% + p? 3C = 3B+3

g = —-Dp°+ p+p 4D = 2C -3

Orderm +n =7
g =+ Ap” — p?—pP A=71 =4
P = — By’ + 5p2 +2p° 2B = 6A—4
g*= + Cp” —10p*> =« 3C = 5B+4
P = — Dp’ + 10p? + p? 4D = 4C -4
= + Ep7 — 5p% — 2p% + p? 5E = 3D +4
g =—Fp’+ p*+p° +p 6F = 2E—4
Orderm+n =29

+ AP = PP - Pt A=21=5
— Bp? + 7p* +2p° + 4p* 2B = 8A-5
+ Cp? —21p2 x  — 6p* 3C = 7B+5
— Dp’ +35p> x — (4+1)pt 4D = 6C -5
+ Ep® —35p%  x  — (1+4)p* + p* 5E = 5D +5
— Fp’ 4+ 21p*  x  + 6p* + p? 6F = 4E -5
+ Gp’ — 7p* —2p° — 4p* + p? 7G = 3F+5
—Hp? + p*+p + pt+ p 8H = 2G -5
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Orderm +n =11

+Apt = PP - P A= =6
— Bp' + 92 4+ 2P + 6p* + 4p° 2B = 10A -6
+ CpMt — 36p? x  — 15p* — 6p° 3C = 9B+6
— Dp™ + 84p%2  x  + (204+1)p* + 4p° 4D = 8C-6
+ Ep'' —126p> x — (15+6)p* * 5E = 7D+6
— Fp'l +126p% x — (64+15)p* x4 PP 6F = 6L—6
+ Gp' — 84p®  x — (1+20)p* — 4p° + p* 7G = 5F+6
— Hp'' + 36p> % + 15p* + 6p° + p° 8H= 4G -6
+ Iptt - 9p? — 2p% — 6p* — 4p° + p? 91 = 3H+6
—Kpll—f— P2+P3 + p4+ p5—|—p 10K = 2I—6
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W W a1 [} N [e) Ne = = =
o _ N

B QN& B B B B B B S Y B

= + Cpl?)_ 55p2

= AP13 _ p2 _ P3
_ BP13+ 11p2+2p3

*

— Dp'® +165p>
+ Ep'® —330p% =
— FpB® +462p*
+ Gp'® —462p%

*

— Hp'® + 330p?

+ Ip® — 165p?

*

— KpB + 55p%

+ Lp®® — 11p* —2p3

Orderm +n =13

_ P4 _ P5 _ P6
—+ 8p* + 4p° + 6p°
- 28p* — 6p° — 15p°

+ (56+1)pt+4p°+  20p°
— (70 +8)p* * — 15p°

— (28+56)p* — x — (1+6)p° + p°

)p'
)
+ (56 + 28)p* * + (6+1)p°
)
)

+ (8+70)p* * + 15p% + p°

— (1+56)p* — 4p° — 20p° + p*
+ 28p* + 6p° + 15p° + p?
_ 8p4 _ 4P5 _ 6p6 4 pz
+ Pt P+ Po+p

A=8f=7
2B = 12A—7
3C = 11B+7
4D = 10C -7
5E = 9D 47
6F = 8E—7
7G = 7F+7
8H = 6G—7
91 = B5H47
10K = 4I-7
11L = 3K+7
12M = 2L-7

§34 Here, the coefficients of pz seem to recede from the law of the following
even orders, since in the order m + n = 13 they are formed from the coefficients
of the binomial raised to the power 11, while the following are formed from
the powers 8, 6. But the same can be represented this way in that coefficient,
that they are connected to the law of the following

~1, +(10+1),

—(45410), +(120+45), —(210+120)

etc,;

therefore, I will exhibit the equation of the order m + n = 15 this way.
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Orderm +n =15

q14 = + AP15 _ p2 _ P3 _ ]94 _ P5 _ P6 _ P7/
%= — Bp®+ (124 1)p* +2p° + 10p* +4p° + 8p° + 6p’,
g2 =+ Cp®— (66+12)p> x - 45p* — 6p° — 28p° — 15p7,
g''= — DpP® + (220+66)p> * + (120+1)p* + 4p° + 56p° + 20p7,
g = + Ep® — (495+220)p> * — (210+10)p*  * — 70p° — 15p7,
P = — FpB+ (792+495)p> « + (252+45)p*  «+ (56 +1)p® + 6p7,
P® = + Gp¥® — (924 +792)p* x — (210+120)p* * — (28 + 8)p° *,
7 = — Hp"® 4 (7924 924)p> x4+ (1204 210)p* * + (84 28)p° x + p7,
P = + Ip"® — (4954+792)p> x — (454 252)p* * — (14+56)p° — 6p” + p°,
P = — Kp'® + (220+495)p> * + (10+210)p* * + 70p® + 15p7 + p°,
g = + Lp® — (66+220)p> x — (1+120)p* —4p° — 56p° — 20p” + p*,
P = - Mp®+ (124+66)p> * + 45p* + 6p° + 28p° + 15p7 + p°,
7 = + Np® - (1+12)p* - 2p° - 10p* — 4p° - 8p° — 6p” —p?,
g = — Op®+ Ptp o+ Pt P+ P+ P+

And now the law of progression is not too complex and can easily accommo-
dated to higher orders.

§35 But since the law, based on induction alone, could seem to be incorrect,
all doubts will be removed, if instead of the even powers of p the odd ones
are introduced, since for the eleventh order the odd powers p? and p” are
equivalent to p2 and p4. Further, even the coefficients A, B, C, D etc. can be
exhibited by a simpler law, which immediately follows from the coefficients
of the binomial raised to the same powers, of which order these equations in
question are, this way:
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Orderm +n =11

Pll pl p3 PS P7 p9

A+ 11y -1 | -1 | -1 | -1 -1 +p =p
31— 55) * +2 | +4 + 6 + 8+ 1

3(1 + 165) x -1 | -6 — 15 — 28— 8 + pd =
3(1 —330) * x +4 | +20+ 1 | +56+28

1(1+ 462) % % ~1 ~15—- 6 — 70 — 56 +p° =
1(1—462) * * +1 + 6+15 + 56 + 70

3(1+330) % * —4 — 1-20 — 28 — 56 +p7 =
3(1 —165) * +1 | 46 +15 + 8+28

(1 + 55) * -2 | -4 - 6 - 1- 8 +p’ =
JA—11) | +1 | +1 |41 + 1 + 1

In any arbitrary vertical column the coefficients of the binomial raised to a
power smaller by 1 are written both from top to bottom and from the bottom
to the top and where two occur they are collected into one sum.

§36 Hence it will now be possible to define everything in general for all odd
orders; but since here the binomial coefficients of the respective power occur,
for the sake of brevity, let us write

Tl(i’l — 1)711—22)3 (17/1 —Vv+ 1) _ 1’1(1/),

that

n(n—1) nn—1)(n—2)
12 0 "=
where it will be helpful to have observed, if v was larger than 7, that always
n(v) =0, but if n = v, that it will be n(n) = 1 and in general n(v) = n(n —v).
Therefore, using this notation, the general equations will be as follows

n(0)=1, n(l)=n n2) = etc.,
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whence we conclude that it will be in general:

I. If v was an odd number,
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II: If v is an even number,
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—0(v—1) —2(v—1) 5 —4(v—1)
=*x+ 11+ AW)p* p p

—0A-v-1)] —2A-v-1)) —4A-v-1)

6= p’ + etc.

—6(A—v—1)

But the terms of these equations must not be continued beyond the formula
p*~2, which yields the last term.

§37 But these summations only hold, if the exponent of the order m +n = A
was an odd number; and hence by means of these equations the sums of all
series contained in this form

1 1 1 1,1 1 1.1 1
can be exhibited, if only m +n = A was an odd number. But these sums are

defined by the sums of the powers of the reciprocals, which by means of the
letter p I represent in the following manner, that

11 1
=14+ o+

1
it

5" + etc.

and
. 1 1 1 11 1
p:p 1+271+37n+471+etc 1+27+37+47+etc

But here two cases have to be distinguished, depending on whether m was an
even or an odd number; for, one will have:

in the I. case in which m is an even number,

+0(n—1 2(n—1
q" =p" + 3(1+ A(n))p* ( )P+( )P p
+0(m—1) +2(m—1) +4(n—-1)
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+en-1) | , +(A-Dm-1)
. p

+6(m—1) +(A—1)(m—1)

A=2

in the II. case in which m is an odd number,

—0(n—1) —2(n—1) 3—4(n—1) s
g" =+ 3(1+ A(m)p* p p p
—0(m—1) —2(m—1) —4(n—1)
—6(n—1) . —(A=3)(n-1) 2
—6(m—1) —(A=3)(m—-1)

According to the law the term following the last would be

(A—1)(n—1) "

(A=1)(m—-1)

where it should be noted that
A=1n-1)+A—-1)(m—1) = A(n) = A(m).

§38 But if the exponent of the order m + n = A was an even number, these
formulas can not hold by any means, since in the case of imparity the forms
p, P2, p°, p” etc., because of p™ = p", also contain these even ones p?, p*, p°
etc., what does not happen in the cases in which m 4 n is an even number.
But the three methods used here do not suffice to define the sums of even
orders, since even the third method for the eighth order does not yield all
determinations. But even though for the fourth and sixth order the sums were
assigned above, in them nevertheless no law is seen, whence one could make
a conjecture for the following orders. The reason for this difference obviously
is that for the even orders each two of these formulas p*, p? p*, p° etc. can
be compared to each other and these comparisons are indicated by means
of our methods; therefore, the determinations we are looking for, are to be
considered to be missing. Therefore, it is even more remarkable, that in the
odd orders no assignable relation among the formulas p*, p?, p?, p* etc. exists
at all. Nevertheless, there is no doubt that other methods are given, by which
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the series of odd orders can be summed, even though the three explained here
do not suffice at all.
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